By considering the notion of multiplication modules over a commutative ring with identity, first we introduce the notion product of two submodules of such modules. Then we use this notion to characterize the prime submodules of a multiplication module. Finally, we state and prove a version of Nakayama lemma for multiplication modules and find some related basic results.
Introduction.
Let R be a commutative ring with identity and let M be a unitary R-module. Then, M is called a multiplication R-module provided for each submodule N of M; there exists an ideal I of R such that N = IM. Note that our definition agrees with that of [1, 2] , but in [6] the term multiplication module is used in a different way. (In this paper, an R-module M is a multiplication if and only if every submodule of M is a multiplication module in the above sense.) Recently, prime submodules have been studied in a number of papers; for example, see [3, 4, 5] . Now in this paper, first we define the notion of product of two submodules of a multiplication module and then we obtain some related results. In particular, we give some equivalent conditions for prime submodules of multiplication submodules. Finally, we state and prove a version of Nakayama lemma for multiplication modules.
Preliminaries. Throughout this paper, R denotes a commutative ring
with identity and all related modules are unitary R-modules. Theorem 2.2 (see [5] ). Let K be a submodule of M. Then the following statements are satisfied:
(
i) K is prime if and only if P = (K : M) is a prime ideal of R and R/P -module M/K is torsion-free, (ii) if (K : M) is a maximal ideal of R, then K is a prime submodule of M.
For any R-module M, let Spec(M) denote the collection of all prime submodules of M. Note that some modules M have no prime submodules (i.e., Spec(M) is empty); such modules are called primeless. For example, the zero-module is primeless. In [5] , some nontrivial examples are shown and some conditions for primeless modules are given. Lemma 2.6 (see [1] ). An R-module M is a multiplication if and only if
for any collection of ideals Let ᏹ denote the collection of all maximal ideals of R.
The product of multiplication submodules
Definition 3.1. Let M be an R-module and let N be a submodule of M such that N = IM for some ideal I of R. Then, we say that I is a presentation ideal of N or, for short, a presentation of N. We denote the set of all presentation ideals of N by Pr(N). 
It is easy to verify that this relation is an equivalence relation on L(R). We denote the equivalence class of I ∈ L(R) by [I].

Theorem 3.2. Let M be a faithful multiplication R-module. Then, the following statements are equivalent:
(i) M is finitely generated; (ii) each equivalence class of the relation ∼ is a singleton;
Proof. (i)⇒(ii) follows from Theorem 2.8, Definition 3.1, and Theorem 2.9.
(ii)⇒(iii). By Theorem 2.8, we conclude that ϕ is bijective and order-preserving. Obviously, (I + J)M = IM + JM and by Lemma 2.5, Clearly, NK is a submodule of M and contained in N ∩K. Now, we show that the product of two submodules is defining an operation on submodules of M. 
Then,
From r m i ∈ I 1 M = I 2 M, we conclude that
Thus,
Therefore, r sm ∈ I 2 J 2 M, and hence
This completes the proof. 
(ii) By Lemma 2.4, we have MN = ann(M/NK) and hence by Theorem 2.8 and (i), we conclude that
Remark 3.7. (i) Recall that by Lemma 2.5, for any m ∈ M, we have Rm = IM for some ideal I of R. In this case, we say that I is a presentation ideal of m or, for short, a presentation of m and denote it by Pr(m). In fact, Pr(m) is equal to Pr(Rm).
(ii) For m, m ∈ M, by mm , we mean the product of Rm and Rm , which is equal to IJM for every presentation ideals I and J of m and m , respectively. 
Proof. (i) Let I i be presentation ideals of N i for every i ∈ I. Then it is easy to verify that
Thus, Pr( i∈I N i ) = i∈I Pr(N i ).
(ii) It is an immediate consequence of Lemma 2.6.
(iii) By Remark 3.7(i), we have
Pr m i . 
Therefore, N is nilpotent. 
Corollary 3.11. Let M be a faithful R-multiplication module and let N be a submodule of M. Then, N is nilpotent if and only if every presentation ideal of N is a nilpotent ideal.
First, we show that B is a submodule of M. Let x, y ∈ B, and let I and J be presentation ideals of x and y, respectively. Then, x n = I n and y m = JM ⊆ N for some positive integers m and n, and presentation ideals I, J of x and y, respectively. Let k = max{m, n}. Then 
(3.14)
Thus, M-rad(Rm) = M-rad(AM) ⊆ M-rad(N) and this implies that B ⊆ M-rad(N).
Conversely 
for each submodule U and V of M.
Proof. Let P be prime and UV ⊆ P , but U ⊆ P and V ⊆ P for some submodules U and V of M. Suppose that I and J are presentations of U and V , respectively. Then UV = IJM ⊆ P . Thus, there are r y ∈ U − P and sx ∈ U − P for some r ∈ I and s ∈ J. Thus, r sx ∈ P and hence r M ⊆ P , that is, r y ∈ P , which is a contradiction.
Conversely, suppose that condition (3.15) is true. Let r x ∈ P for some r ∈ R and x ∈ M − P , but r M ⊆ P ; then, r m ∈ P for some m ∈ M. Let I and J be presentation ideals of r x and m, respectively. Then
Now, by hypothesis, we must have Rx ⊆ P or Rr m ⊆ P , which implies that x ∈ P or r m ∈ P , which is a contradiction. Therefore, P is prime.
Corollary 3.17. Let P be a proper submodule of M. Then P is prime if and only if
for every m, m ∈ M.
Proof. If P is prime, then, clearly, (3.17) is true. Conversely, suppose that (3.17) is true, and UV ⊆ P for submodules U and V of M, but U ⊆ P and V ⊆ P . Thus, there are u ∈ U −P and v ∈ V −P . Then uv = RuRv ⊆ UV ⊆ P and hence by (3.17), we must have u ∈ U or v ∈ V , which is a contradiction. Therefore, P is prime. 
Since M is a multiplication, then by Lemma 2.5, there is an ideal I of R such that Rm = IM. Thus,
Therefore, by Lemma 2.5, K is a multiplication R-module. 
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